In this paper, several theorems are proved concerning the concepts of expansiveness and asymptoticity from topological dynamics. The results are derived using the techniques the author developed in a previous paper in this journal.
In [8] , this author showed how the concept of an expansive homeomorphism could be generalized to that of an expansive continuous relation (called an expansive mapping), and that several of the well-known theorems on expansive homeomorphisms generalized in this new setting.
One reason expansive mappings are important is that they furnish the only routine technique (by using the shift transformation) for producing expansive homeomorphisms. One surprising result the technique has yielded is a Cechhomologically trivial continuum supporting an expansive homeomorphism.
(See [8] .)
It is useful to know how expansive mappings resemble expansive homeomorphisms so that one might gain some insight as to what surprises this technique might not produce. In this paper, several more well-known theorems will be generalized by using the tools developed in [8] .
For reference purposes, the basic definitions and techniques from [8] will now be given.
If X is a metric space with metric d, and if/is a homeomorphism of X onto itself, then / is said to be expansive on X with expansive constant 8 > 0 if x, y E X, x ¥= y, implies d(f"(x),f"(y)) > 8 for some integer n. Distinct points x and y are said to be positively (negatively) asymptotic under / if for each e > 0, there is an integer N such that n > N (n < A' ) implies d(f"(x), f(y)) < e. Naturally, x and y are doubly asymptotic if they are both positively and negatively asymptotic.
Let / be a continuous multivalued transformation of X onto itself, (f is continuous at x E X if for each neighborhood N of f\x), there exists 77 > 0 such that d(x,y) < -q implies f(y) E N.) Henceforth, a continuous multivalued transformation will simply be called a mapping. Definition 1. Let x E X. The orbit of x under f is defined by 0(x) = USL-eJ'ix). Then it is readily verified that p is a metric for S(X). Call the resulting space S(X,e). Let S(X,fe) = {z G S(X,e): zi+x G f(z¡) for each i), and let « be the transformation of S(X, e) onto itself defined by («(z)), = z, + 1 for each i. (Thus « is the "shift" transformation.)
The spaces S(X, e) and S(X,f, e) and the transformation « have the following properties:
(1) The product and metric topologies for S(X) are equivalent.
(2) The space S(X,f e) is a closed subset of S(X, e); thus if A is compact, so is S(X,fe). Of the first six theorems, only Theorem 3 will be proven. The proofs of the other five are either similar to the proof of Theorem 3 or are routine modifications of the proofs of their counterparts in the literature. The last three theorems, which are the most important ones and whose proofs are the least trivial, will be proven completely. The following theorem is obviously related to Theorem 1 of this paper.
Theorem 8. Let X have at least one limit point, and let f be an expansive mapping on X. Let 9 be the least upper bound of the expansive constants for f.
Then m ¥= « implies sup {sup {d(a,b): a G fm(x), b G f(x)}: x G A} > 9.
Proof. Let 0 < a < ß < 9. Then a and ß are expansive constants for / Choose a positive integer i such that 2 M/i < ß -a, where M = diam (A ). Since ß is an expansive constant for / it is an expansive constant for h on S(X,f, l/i). Clearly S(X,f l/i) has at least one limit point if A does, so by , h is expansive on S(X,fe), so by property 4,/is expansive on X. If A contains no periodic points, then h is expansive on S(X,f, e). For let A = {xx,x2,... xn), where each x¡ is nonperiodic. Let z,wE S(XJ,e) with z =£ w. As before, there is an integer A7 such that k < A7 implies zÄ g /<, wt G ^4, zk =£ wk. Let A: < N. As above, there is an integer a such that p(ha(z), h"(w)) > Ô, so that h is expansive on S(X,f,e), and hence, / is expansive on X.
